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Abstract
We give a characteristic-free proof of the fact that if A is a ring of formal power series
in a nite number of variables over a eld k and M is any module over the ring of k-linear
dierential operators of A, then in the category of A-modules, the injective dimension of M is
bounded above by the dimension of the support of M . This is applied to give a characteristic-free
proof of the same inequality between the injective dimension and the dimension of the support
for local cohomology modules HiI (R) where R is any regular Noetherian ring containing a eld
and I R is any ideal. This result for local cohomology modules had been proven before in
characteristic 0 and characteristic p > 0 by two methods that were completely dierent from
each other.
MSC: 13C99; 13D45; 13E99; 13N10
0. Introduction
Throughout this paper R denotes a commutative ring with 1. If M is an R-module,
inj:dimR M denotes the injective dimension of M in the category of R-modules and
dimSuppR M denotes the dimension of the support of M in SpecR. If I R is an
ideal, HiI (M) denotes the ith local cohomology module of M with support in I .
If k R is a subring, D(R; k) denotes the ring of k-linear dierential operators of R.
By a D(R; k)-module we always mean a left D(R; k)-module.
This paper is devoted to proving the following theorem and corollaries.
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Theorem. Let A= k<X1; : : : ; Xn= be the ring of formal power series over a eld k and
let M be any D(A; k)-module. Then inj:dimA M  dimSuppA M .
Corollary 1. Let A be as in the above theorem and let G be any additive covariant
functor from the category of sheaves of abelian groups on SpecA to the category of
abelian groups. Then inj:dimA G(A) dimSuppA G(A).
Here, if M is an A-module, G(M) denotes G( ~M), where ~M is the quasicoherent
sheaf on SpecA associated to M . The A-module structure on M induces an action of
A on ~M which in turn induces an A-module structure on G(M). In particular, G(A)
has a natural A-module structure.
Corollary 2. Let R be a regular Noetherian algebra over a eld and let I R be an
ideal. Then T(R)=HiI (R) has the property that inj:dimRT(R) dimSuppRT(R). In
fact this inequality still holds if T is one of the larger class of functors dened in
[5; p. 43] (or [6, 1.5]).
Note that Corollary 2, unlike our Theorem and Corollary 1, holds for an arbitrary
regular Noetherian algebra over a eld. The proofs of these two corollaries are almost
word for word the same as the proofs of [5, 2.5] and [5, 3.4a,b] except that all
references to [5, 2.3] and [5, 2.4a,b] should be replaced by references to, respectively,
the lemma below and the theorem above.
The results of Corollaries 1 and 2 have been previously proven in characteristic
p>0 [6, 1.6], [3, 3.9] and in characteristic 0 [5, 2.5, 3.4b] by two methods which
were totally dierent from each other and the result of Corollary 1 was known only
for a perfect eld k. Our proofs of these two results are completely characteristic-free;
in addition, our Corollary 1 is valid without any restriction on the residue eld.
Our proof of the Theorem is a characteristic-free version of the proof of [5, 2.4a,b].
Yet there are enough dierences to require a complete and careful rewriting of the
whole proof. The most interesting of these dierences is that under the hypotheses of
the Lemma below, D(R; k)=D(R; k)m is an irreducible D(R; k)-module if char k =0, but
not necessarily in general.
1. Proof of the theorem
We begin by reviewing the denition and some elementary properties of dier-
ential operators. If k R is a subring and n is a non-negative integer, the k-linear
dierential operators of R of order  n are dened inductively as follows. A k-linear
dierential operator of order 0 is a map ~r :R!R which is the multiplication by an
element r 2R. A k-linear dierential operator of order  n is a k-linear map  :R!R
such that for every r 2R the commutator   ~r − ~r   is a dierential operator of
order  n − 1. The k-linear dierential operators of order  n naturally form an R-
module which we denote Dn(R; k). It is not hard to show that if 2Dn(R; k) and
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0 2Dn0(R; k), then the composition 0  2Dn+n0(R; k). Hence D(R; k)=Sn Dn(R; k)
has a natural ring structure with multiplication dened via the composition. The ring
homomorphism R!D(R; k) that sends r 2R to ~r :R!R makes R into a subring
of D(R; k).
Examples. (a) R with its natural D(R; k)-action is a D(R; k)-module.
(b) If M is a D(R; k)-module and S R is a multiplicatively closed set, then the
R-module structure on MS extends uniquely to a D(R; k)-module structure such that
the natural localization map M !MS is a D(R; k)-module homomorphism.
Indeed, the R-module structure on MS denes the action of D0(R; k)=R on MS . If
the action of Dn−1(R; k) on MS has been dened, there is a unique way to extend
it to an action of Dn(R; k) that is compatible with the action of Dn(R; k) on M and
with all relations of the form [s; ] = s − s, where s2 S and 2Dn(R; k). Namely,
(x=s)= ([s; ](x=s) + (x))=s, because = s−1([s; ] + s). This makes sense because
[s; ]2Dn−1(R; k), so its action on MS has been dened. It is not hard to check that this
is well-dened, i.e. does not depend on the particular representation of an element of
M in the form x=s with x2M; s2 S and that this action is compatible with the addition
operations on M and D(R; K) and with the multiplication operation on D(R; K). Thus it
denes a D(R; K)-module structure on MS which is compatible with the D(R; k)-module
structure on M .
(c) If I R is an ideal and M is a D(R; k)-module, the local cohomology
modules HiI (M) carry a natural structure of D(R; k)-modules. Indeed, if I is generated
by elements f1; : : : ; fs, then HiI (M) is the ith cohomology module of the complex
0!M !
M
i
Mfi
M
1i1<i2s
Mfi1fi2 !    !Mf1 :::fs ! 0
where each map Mfi1 :::fit !Mfj1 :::fjt+1 induced by the corresponding dierential is the
natural localization map (up to sign) if fi1; : : : ; itg is a subset of fj1; : : : ; jt+1g and is
the zero map otherwise [5, 1.3]. By (b) this is a complex in the category of D(R; k)-
modules, so its cohomology modules inherit a structure of D(R; k)-modules. It is not
hard to see that this D(R; k)-module structure on HiI (M) does not depend on the choice
of the generating set f1; : : : ; fs.
(d) If R= k[X1; : : : ; Xn] is a polynomial ring in variables X1; : : : ; Xn over k, let Dt; i
for all integers t0 and 1 i n, be the k-linear dierential operator that commutes
with all Xj ( j 6= i) and sends X si to
(s
t

X s−ti (this is a characteristic-free analog of
what in the case where k contains a eld of characteristic 0 is dened by the for-
mula (1=t!) (@t=@X ti ), where @
t=@X ti is the tth partial dierentiation with respect to Xi).
The ring D(R; k) is a free left (as well as right) R-module on all possible products
Dt1 ;1   Dtn; n and Dj(R; k) is the free left, (as well as right) R-module on all products
Dt1 ;1   Dtn; n with t1 +   + tn j [2, 16.11.12].
(e) If A= k<X1; : : : ; Xn=, then D(A; k) also contains elements Dt; i that are the
characteristic-free analogs of (1=t!) (@t=@X ti ), as in (e) above. One can show that in
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this case Dj(A; k), for all j, also is the free left (as well as right) A-module on all
products Dt1 ;1   Dtn; n with t1 +   + tn j, but we will not need this.
Lemma. Let k be a eld; let R= k[X1; : : : ; Xn] be the ring of polynomials in n variables
X1; : : : ; Xn over k and let mR be a maximal ideal.
(a) Hnm(R) is an irreducible D(R; k)-module (i.e. it does not contain any non-trivial
D(R; k)-submodules).
(b) Let K =R=m; let ksK be the separable closure of k in K; let d= [K : ks] be
the degree of the purely inseparable eld extension K=ks and let D(R; k)m be the
left ideal of D(R; k) generated by m. Then the D(R; k)-module D(R; k)=D(R; k)m is
isomorphic to the direct sum of d copies of the D(R; k)-module Hnm(R).
(c) Every D(R; k)-module M supported at m is isomorphic as a D(R; k)-module to
a direct sum of copies of Hnm(R).
Proof. Since R is regular, local duality [1, 6.3] shows that Hnm(R) is isomorphic as an
R-module to ER(R=m), the injective hull of R=m in the category of R-modules. Hence
Hnm(R) is an injective R-module and its socle is one-dimensional over R=m=K (the
socle of an R-module M supported at m is the R-submodule of M consisting of all
elements annihilated by m; it has a natural structure of a K-vector space).
First we show that (a) and (b) together imply (c). Let ei (i2 I), where I is some
indexing set, be a K-basis of the socle of M . Let N be a direct sum of I copies
of D(R; k)=D(R; k)m and let ~1i 2N be the image of 12D(R; k) in the ith copy of
D(R; k)=D(R; k)m under the natural map D(R; k)!D(R; k)=D(R; k)m. Let  :N!M
be the homomorphism of D(R; k)-modules that sends ~1i to ei. Let N N be the
kernel of . By (a) and (b) the module N is a direct sum of irreducible submodules
each one of which is isomorphic to Hnm(R), so by [4, Lemma 2, p. 119] N contains a
D(R; k)-submodule N 0 which is also a direct sum of copies of Hnm(R) andN=NN 0.
Hence im is isomorphic to N 0. Since Hnm(R) is an injective R-module, im is an
injective R-module as well. Therefore there exists an R-submodule N 00 of M such
that M = imN 00 in the category of R-modules. Since  sends the socle of N
surjectively onto the socle of M , the socle of N 00 is 0, so N 00=0, since N 00 is supported
at m. Hence im=M is a direct sum of copies of Hnm(R). This completes the proof
that (a) and (b) together imply (c).
Next we prove (a) and (b) in the special case where k is algebraically closed. In
this case every maximal ideal m is generated by elements X1 − c1; : : : ; Xn − cn, where
ci 2 k. Making the change of variables in which the new Xi is the old Xi − ci, we can
assume that m is generated by X1; : : : ; Xn. The module Hnm(R) is the last cohomology
module of the complex of Example (c). All possible monomials on X1; : : : ; Xn form a
k-basis of RX1Xn , which is the last module of the complex, and the image of the last
dierential in RX1Xn is spanned by all monomials whose degree in at least one Xi is
non-negative. This implies that the elements X−i11   X−inn , for all strings of positive
integers (i1; : : : ; in), form a k-basis of Hnm(R). It is not hard to check that X
−1
1   X−1n
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generates the socle of Hnm(R). Hence every non-zero R-submodule of H
n
m(R) contains
X−11   X−1n . The D(R; k)-module structure on Hnm(R) is induced by the D(R; k)-module
structure on RX1Xn , which is in turn induced by the D(R; k)-module structure on R
like in Example (b). It is not hard to check that
X−i11   X−inn =(−1)(i1−1)++(in−1)Di1−1;1   Din−1; n(X−11   X−1n ): ()
This implies that X−11   X−1n generates Hnm(R) as a D(R; k)-module. Hence every non-
zero D(R; k)-submodule of Hnm(R) coincides with H
n
m(R). This proves (a).
If D2D(R; k), we denote by ~D the image of D in D(R; k)=D(R; k)m. Since D(R; k) is
the free right R-module on the products Di1−1;1   Din−1; n, where (i1; : : : ; in) range over
all strings of positive integers, ]Di1−1;1   Din−1; n form a k-basis of D(R; k)=D(R; k)m.
The k-linear map D(R; k)=D(R; k)m!Hnm(R) that sends ]Di1−1;1   Din−1; n to
(−1)(i1−1)++(in−1)X−i11 : : : X−inn (in particular, it sends ~1 to X−11   X−1n ) is a D(R; k)-
module isomorphism, according to (). This proves (b).
Since (a) and (b) hold, (c) also holds. This concludes the proof of the lemma in
the special case where k is algebraically closed.
At this point we make a few remarks on extensions of the base eld k. If k is
a eld extension of k, let R= k ⊗k R= k[X1; : : : ; Xn] and m= k ⊗k m R. We regard
R as a subring of R via the inclusion R
r 7!1⊗k r−−−−−! k ⊗k R= R, so m=m R. Clearly,
D( R; k)= k ⊗k D(R; k). If M is a D(R; k)-module, k ⊗k M has a natural structure of
D( R; k)-module dened as follows: if 0= c1⊗ , then 0(c2⊗m)= c1c2⊗ (m) for all
c1; c2 2 k; 2D(R; k) and m2M . If  :N !M is a homomorphism of D(R; k)-modules,
then k ⊗k  : k ⊗k N
c⊗n7!c⊗ (n)−−−−−−! k ⊗k M is a homomorphism of D( R; k)-modules. Since
k is faithfully at over k, the homomorphism k ⊗k  is an injection, a surjection, or
an isomorphism if and only if so is  . Finally, we have
Hnm( R)= (by [1; 5:7])H
n
m( R)= (since k is at over k) k ⊗k Hnm(R):
Here Hnm( R) denotes the n-th local cohomology module of the R-module R in the
category of R-modules. This concludes our remarks on eld extensions of k.
Next we prove the lemma in the special case where K is separable over k, i.e.
K = ks. Keeping the notation of the preceding paragraph, let k be the algebraic
closure of k and let m1; : : : ; ms be the maximal ideals of R lying over m. Since K=k
is separable, R= m=
Li=s
i=1
R=mi. Therefore
D( R; k)=D( R; k) m=D( R; k)⊗ R R= m=
i=sM
i=1
D( R; k)⊗ R R=mi
=
i=sM
i=1
D( R; k)=D( R; k)mi:
Similarly, Hnm( R)=
Li=s
i=1 H
n
mi( R). Let e2Hnm(R) be an element of the socle of Hnm(R)
and let  :D(R; k)=D(R; k)m!Hnm(R) be the map that sends ~1 to e. We claim this
map is an isomorphism. Since the socle of Hnm(R) is one-dimensional over K , it is
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s-dimensional over k (because [K : k] = s). Since k is at over k, it follows that k ⊗k
(socleM) is the annihilator of m in k ⊗k M , for every R-module M supported at m.
Hence the dimension of the socle of D(R; k)=D(R; k)m as a k-vector space equals the
dimension of the annihilator of m in k⊗k D(R; k)=D(R; k)m=D( R; k)=D( R; k) m as a k-
vector space. But the annihilator of m in D( R; k)=D( R; k) m=
Li=s
i=1D( R; k)=D( R; k)mi is
the direct sum of the annihilators of m in each of the D( R; k)=D( R; k)mi. The annihilator
of m in D( R; k)=D( R; k)mi is the annihilator of mi in D( R; k)=D( R; k)mi, i.e. the socle
of D( R; k)=D( R; k)mi. Since k is algebraically closed, it follows from what has been
shown above that each D( R; k)=D( R; k)mi is isomorphic to Hnmi( R), so its socle is
one-dimensional over k and consequently the annihilator of m in D( R; k)=D( R; k) m is
s-dimensional over k. Hence the socle of D(R; k)=D(R; k)m is s-dimensional over k,
i.e. one-dimensional over K . Thus  induces an isomorphism on the socles. Since
D(R; k)=D(R; k)m is supported at m, this implies that the kernel of  has zero socle, so
this kernel is zero, hence  is injective. Since the entire socle of Hnm(R) belongs to the
image of  and since k⊗k (socleHnm(R)) is the direct sum of the socles of Hnmi( R), the
socle of each Hnmi( R) belongs to the image of the map
k ⊗k  . Since k is algebraically
closed, it follows from what has been shown above that the socle of Hnmi( R) generates
all of Hnmi( R) in the category of D( R;
k)-modules, so all of Hnmi( R), for all i, belongs
to the image of k ⊗k  , i.e. k ⊗k  is surjective. Hence  is surjective as well. Since
it is also injective, it is bijective. This proves (b).
Let N Hnm(R) be a non-zero D(R; k)-submodule. Since the socle of Hnm(R) is one-
dimensional over K , the socle of N coincides with the socle of Hnm(R). Hence k ⊗k N
contains the annihilator of m in k ⊗k Hnm(R)=
Li=s
i=1 H
n
mi( R) which is the direct sum
of the socles of Hnmi( R). Since each H
n
mi( R) is generated in the category of D( R;
k)-
modules by its socle, k ⊗k N = k ⊗k Hnm(R). Hence N =Hnm(R). This proves (a) and
concludes the proof of the lemma in the special case where K is separable over k.
Finally, we consider the general case, i.e. K=ks is a non-trivial purely insepara-
ble eld extension. Clearly, char k =p>0. Let k = k1=p
1
be the perfect closure of k.
Since k is purely inseparable over k, the natural map Spec R!SpecR is a bijec-
tion. In particular, rad m, the radical of m, is a maximal ideal of R. Since k is
perfect, R=rad ( m) is a separable eld extension of k. Hence it follows from the above
that k ⊗k Hnm(R)=Hnm( R)=Hnrad m( R) is an irreducible D( R; k)-module. Hence Hnm(R)
is an irreducible D(R; k)-module. This proves (a).
Let e2Hnm(R) be a non-zero element of the socle. Let I D(R; k) be the left ideal
that is the kernel of the D(R; k)-module homomorphism  :D(R; k)!Hnm(R) that sends
1 to e. By (a), Hnm(R) is irreducible, so im=H
n
m(R), i.e.  is surjective. If M is
a D(R; k)-module, we set MI to be the set of all elements of M annihilated by I .
Clearly, MI is a k-vector space. Let k = k1=p
1
be as in the preceding paragraph, let
M = k ⊗k M , let I = k ⊗k I and let M I be the k-vector subspace of M consisting of
all elements annihilated by I . We claim M I = k ⊗k MI . Indeed, every element of M
may be uniquely written as a nite sum ci ⊗ yi, where yi 2M; ci 2 k and the ci’s are
linearly independent over k. This element belongs to M I if and only if it is annihilated
by all 0=1 ⊗ , where 2 I . But 0(ci ⊗ yi)=ci ⊗ (yi), so, since the ci’s are
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linearly independent over k, this vanishes if and only if (yi)= 0 for all i, i.e. if and
only if yi 2MI . This proves the claim.
Since k is at over k, applying k⊗k (−) to the short exact sequence 0! I!D(R; k)
!Hnm(R)! 0 we get the exact sequence 0! I!D( R; k)!Hnm( R)! 0. This shows
that I is the kernel of the surjection D( R; k)!Hnm( R) that sends 1 to 1⊗ e. If v2M
is a non-zero element annihilated by I , then v generates a D(R; k)-submodule of M
isomorphic to Hnm(R) (because this submodule is a surjective image of D(R; k)=I which
is isomorphic to Hnm(R) and therefore is irreducible). Similarly, since H
n
m( R) is an
irreducible D( R; k)-module, every element w2 M I generates a D( R; k)-submodule of M
isomorphic to Hnm( R).
If M is supported at m, then M is supported at rad m, which is a maximal ideal
of R. Since k is perfect, R=rad m is a separable eld extension of k, so it follows from
what has been proven above that M is a direct sum of copies of Hnm( R), i.e. M is
generated as a D( R; k)-module by M I . Since M I = k ⊗k MI , we conclude that M is
generated as a D(R; k)-module by MI . Every element of MI generates a submodule of
M isomorphic to Hnm(R), i.e. M is a sum of submodules isomorphic to H
n
m(R). Since
Hnm(R) is irreducible, it follows from [4, Corollary 1, p. 119] that M is isomorphic to
a direct sum of copies of Hnm(R). If M is the direct sum of a nite number, say t, of
copies of Hnm(R), then M also is the direct sum of t copies of H
n
m( R).
In particular, since M =D(R; k)=D(R; k)m is supported at m, it is a direct sum
of copies of Hnm(R). It remains to show that the number of copies is d and for
this it is enough to show that M =D( R; k)=D( R; k) m=D( R; k) ⊗ R R= m is a direct
sum of d copies of Hnm( R). We claim R= m has a ltration of length d= [K : ks] in
the category of R-modules with all consecutive quotients isomorphic to R=rad m. In-
deed, dimkK =dimk( R= m) and dimk( R=rad m)= dimkks, so the length of R=rad m equals
dimkK=dimkks= [K : ks] =d, which proves the claim. Thus D( R; k)=D( R; k) m has a l-
tration of length d with consecutive quotients all isomorphic to D( R; k)=D( R; k) rad m,
which, as has been shown above, is isomorphic to Hnrad m( R)=H
n
m( R)= k ⊗k Hnm(R).
Since D( R; k)=D( R; k) m is the direct sum of copies of Hnm( R) and since H
n
m( R) is an
irreducible D( R; k)-module, the Jordan{Hoelder theorem implies that in any such direct
sum decomposition there are precisely d copies of Hnm( R). This concludes the proof of
the lemma.
Let A and M be as in the above theorem. We use the lemma in the proof of
the following claim: if PA is a minimal prime of M , then MP is an injective A-
module.
Indeed, assume the height of P is h and let X1; : : : ; Xn 2A be a system of generators
of the maximal ideal of A such that K \P=0, where K = k<Xn−h+1; : : : ; Xn=. Then A=P
is nite over K , so P=QA, where Q=K[X1; : : : ; Xh]\P. Let L be the eld of fractions
of K and let L=L[X1; : : : ; Xh]. Then Q0=QL is a maximal ideal of L. The elements
Dt; i 2D(A; k) with 1 i h (see Example (e)) are K-linear, take K[X1; : : : ; Xh] to itself
and by Example (d), they generate a K[X1; : : : ; Xh]-subalgebra of D(A; k) isomorphic to
D(K[X1; : : : ; Xh]; K). Thus M is a D(K[X1; : : : ; Xh]; K)-module, hence by Example (b),
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so is MP . Since every element of K is invertible on MP , it follows that MP is a D(L; L)-
module supported at the maximal ideal Q0. Hence by part (c) of the lemma, MP is a
direct sum of copies of HhQ0(L) which by local duality is isomorphic to EL(L=Q
0), the
injective hull of L=Q0 in the category of L-modules. But EL(L=Q0)=EcLQ0 (L=Q0),
so, since L=Q0=AP=PP and Q0AP =PP , we conclude that dLQ0 =cAP and therefore
EL(L=Q0)=EbAP (AP=PP)=EA(A=P), i.e. MP is a direct sum of injective A-modules,
so it is an injective A-module. This proves the claim.
With the help of this claim the proof of the theorem is as follows. We use induction
on d=dimSuppAM . If d=0, the above claim implies that M is injective. This nishes
the case d=0.
Now assume d>0 and the result proven for d−1. Let M 0M be the submodule
consisting of all elements x2M such that dim Ax<d. We claim that M 0 is a D(A; k)-
module. Indeed, if a2A annihilates x2M and 2Dn(A; k), then an annihilates x. This
is because a= a− 0, where 0 2Dn−1(A; k), so anx= an−1(ax− 0x)= − an−10x
and we are done by induction on n. Thus the radical of the annihilator of x contains
the annihilator of x, i.e. x2M 0. This proves the claim.
Since dimSuppAM
0<d, by induction inj:dimAM
0<d. The short exact sequence
0!M 0!M !M=M 0! 0 shows that it is enough to prove that inj:dimAM=M 0d,
i.e. replacing M by M 0 we can assume that all associated primes of M have dimen-
sion d, i.e. all of them are minimal primes of M . Let fPig be the set of the minimal
primes of M . There is a map L :M
x 7!i lPi (x)−−−−−!Li MPi , where lP :M !MP is the natu-
ral localization map. This map is well-dened because for each x2M there are only
nitely many primes Pi with lPi(x) 6=0 (namely, the minimal primes of the cyclic
module AxM generated by x). Since every associated prime of M is minimal, L
is injective. Let M 00 be the cokernel of L. Then dimSuppAM
00<d, so by induction,
inj:dimAM
00<d. It has been shown above that each MPi is injective. Now the short
exact sequence 0!M !Li MPi !M 00! 0 implies that inj:dimA M d.
Conjecture. Let k be any eld and let R be a regular nitely generated algebra over
A= k<X1; : : : ; Xn=. If M is a D(R; k)-module; inj:dimR M  dimSuppR M .
A slight modication of the proof of the theorem of this paper yields this conjecture
in the special case where R=A[Y1; : : : ; Ys] is a polynomial ring over A.
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